Investigation is made of the ion optical properties of inhomogeneous magnetic sector fields. In first order approximation the field is assumed to vary proportional to c -* (0 n <C 1); the term in the magnetic field expansion which determines the second order aberrations is chosen independent of n , which makes the elimination possible of e. g. the second order angular aberration. From the EULER-LAGRANGE equations the second order approximation of the ion trajectories in the median plane and the first order approximation outside the median plane are derived for the case of normal incidence and exit of the central path in the sector field. An equation is presented giving the shape of the pole faces required to produce the desired field. The influence of stray fields is neglected. The object ana image distances are derived, as well as the mass dispersion, the angular, lateral and axial magnification, the resolving power, and the inclination of the plane of focus of the mass spectrum. The maximum transmitted angle in the z-direction is calculated. The resolving power proves to be proportional to (1-n) -1 whereas the length of the central path is proportional to (1-n)
The mass dispersion of magnetic analysers may be improved by employing an inhomogeneous magnetic field. A magnetic field which varies in the median plane proportional to r -1/2 (SVARTHOLM and SIEGBAHN l ), as is used in many /^-spectrometers, was chosen by FISCHER 2 for a mass spectrometer; it offers the advantage of increased luminosity due to its two-directional focusing properties, whilst the mass dispersion and resolving power are increased by a factor 2 as compared with a homogeneous magnetic field analyser with the same radius of the central beam. ALEKSEEVSKI et al. 3 pointed out, that both the mass dispersion and the resolution may be still further improved by the use of more inhomogeneous magnetic fields. By employing a magnetic field which varies in the median plane proportional to r~n (0^n<l), the mass dispersion and resolution as compared with a homogeneous field (n = 0) increase proportional to (1 -n) -1 , whilst the focusing angle increases proportional to (1 -n) _1/2 . Choosing for example n = 0.91, the resolving power is increased by a factor 11. However, the advantage of stigmatic focusing is lost for n=f= 1/2. The calcula-1 N. SVARTHOLM and K. SIEGBAHN tions of ALEKSEEVSKI et al. apply to the paraxial rays only.
Calculations of the ion optical properties of general ^-independent electromagnetic fields with circular central path have been published by SVART-HOLM 4 , FRANKE 5 , and GRÜMM 6 . These authors assume both object and image to be situated within the field boundaries, and restrict their calculations of second order aberrations to stigmatic focusing fields, which correspond to re = 1/2 for magnetic fields.
To obtain a very high resolving power, especially those fields are interesting in which n is close to unity. These fields must be of the sector type to be of physical significance. The present work was set up for finding expressions (for the median plane only) of the second order angular aberration (proportional to a 2 ), the second order velocity aberration (proportional to ß 2 ), and the mixed second order aberration (proportional to a ß). The influence of stray fields is neglected; it is asumed that these fields can be compensated by suitable shields (HER-ZOG 7 ' 8 ), or taken into account as an effective fieldlength (KÖNIG and HINTENBERGER 9 ) . For the present the calculations are restricted to the case of straight field boundaries which are normal to the central beam at the point where it enters and leaves the field.
The coefficient in the magnetic field expansion which determines the second order aberrations, is taken to be independent of the coefficient defining the paraxial rays. As inhomogeneous magnetic fields always require specially shaped pole faces, this degree of freedom seems to be easier to realize in practice than that of curved boundaries or that of oblique incidence or exit. The median plane is assumed to be a plane of symmetry.
Coordinate system
In the field free object and image space the rectilinear ion trajectories are expressed in cartesian coordinates xt, yx, zx, and x2 , y.2 , z2 , respectively. In the deflecting field region the main path is assumed to be circular with radius rm. and the curved trajectories are expressed in the dimensionless coordinates: normal coordinate u=(r -rm)/rm (in the plane of paper) ; binormal coordinate v = z/rm (perpendicular to the plane of paper) ; path coordinate w = xp.
We will first calculate the ion trajectories in the magnetic field region, and then suppose the rectilinear paths in the field free object and image space to coincide with the tangents at the field boundaries.
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The Euler-Lagrange equations
The ion trajectories are defined by the EULER-
F is the ion optical "index of refraction", in this case given by F (u,v,u,v) 
The coefficients Z^O'
•> e t c -depend on 
First order approximation of the ion trajectories
To get the first order approximation, terms up to the second order in (4) should be retained. Then from (4), (1), and (2) taneous differential equations
where
If we write
the general solutions of (6) and (7) 
If as boundary conditions are chosen the parameters defining the ion trajectory at w = 0 (14), and the derivatives derived from it.
into the right hand member of (16) u" -2 F20 U -F10 = 3 F30 ^U 2 (17)
Then the second order approximation satisfying the boundary conditions (12) is given by
Evaluation of F(w) leads to F(w) = Cx cos 2 k1w-\-C2 sin kx w cos kx w + C3 sin 2 kx w + C4 cos kxw + C5 sin kx w + C6.
Straightforward integration leads to the second order approximation of the ion trajectories in the median plane:
where Ht = cos kx w -%FXo ^i -4 (3 F3q -k 2 ) (sin 2 kxw -cos kx w + 1) -JF10 A;1 _2 (l -cos kx w) 2
Correlation with the magnetic field shape
The coefficients F00, F10, F20, F02, F30, and Fx2 should now be expressed in the magnetic field parameters and (ejmv) = (e/2 mt/) 1/2 of the ions. This may be done by expanding Aw in a power series:
and using the relations
(because 91 can be chosen in such a way that Aw is the only component of 31 differing from zero), and
+ u du
Writing instead of the coefficients suitably chosen coefficients B, BX ,B2, which express the relations between the coefficients a,^ derived from (22), (23), and (24), we may write for AW, BU, and BV (see note 6 ) -$(BX + B2) U*+^BX + B2) uv 2 + (25)
For a magnetic field in which BV in the median plane (v = 0) varies proportional to r~n:
the coefficients Bx and B2 are found by comparing (27) with the TAYLOR expansion of (28) :
However, we will assume the field shape to be given by (28) only in first order approximation. Then BJB is still given by
but B2/B is now independent of n , and may be written in the convenient form:
The field shape defined by (30), (31) reduces to that given by (29) for X n .
From (3), (25), (30) and (31) we find for the coefficients in the expansion (4) 
If all ions are of charge e, but a momentum spread is allowed according to:
or V=riJ(l+ß),
the parameters i] and B may be expressed in ß, if we remind that from (5) :
ß is supposed to be a small quantity, small of first order. We may now substitute (32), (35) and (36) into ( 
-n)-1 {-2(Z-3) sin 2 w* -2 X(\ -cos w*) + 3(X-n) u;*sintt; # }, -n)~3 /2 {2(Z-3) sin w* cos w* + (X -3 n + 6) sin w* -3 (X-n) w* cos w*} , -re)-2 {(X-3) sin 2 w* + <\sX{\ -cosw*) -S(X-n) tt>*sinu;*}.
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Imaging properties of the inhomogeneous magnetic sector field
To find the imaging properties of the sector field, we should calculate the tangents to the ion trajectory (37) at the point where it enters and leaves the field; these tangents are then supposed to coincide with the rectilinear paths in the field free object and image space. The object slit is assumed to be very narrow, and to lie on the central path at the object distance lm'. From Fig. 2 it is obvious that (omitting terms of third and higher order), After passage through the sector field of sector angle W, the rectilinear path in the image space is given by
Analogous to (39) we have the relation:
From (37), (38), (39) 
Ml + M2 - For the particular magnetic field shape specified by (30), (31), or (32), (33), the coefficients juUl, etc., and rla, etc. are given by (writing W* = (1 -n) 1/2 W) juu= (l-n)-1/2 sinr*, yulb = cos IF*, /^2a= (1 -n) _1 (1 -cos W*), 
''i2a = Hl ~ N) { -4 X sin 2 W* + 2 X(1 -cos JF>) + 3 (Z -n) F* sin fF*} , "12b = Hl-")-1/2 {-4Zsinr*cos W* + (X -3 n + 6) sinr* + 3(X-n) W* cos W*} , r22a = Hl-«)" 3/2 {2Zsinir # cosr*+ (I + 3n-6) sin JF* -3(Z-n) W*cosW*} .
For very small values of ß, the term proportional to am in (42) vanishes for x2 -rm (MJNJ). This means that first order direction focusing occurs at the image distance L"= -rmiMjNj).
(47) (47) may be written in the familiar form:
where / is the focal length, and g" and g are respectively the image and object distances corresponding to lm = co or lm" = oo . For the particular magnetic field shape expressed by (30), (31), these quantities are equal to
If all ions are of energy e U. but a small difference in mass is allowed according to
the corresponding value of ß is given in first order by
The mass dispersion in the y2-direction at the image distance Zm", per unit dm/m0 for a mono-energetic ion beam is given by
However, the focusing plane of the mass spectrum need not be perpendicular to the central path, as the image distance depends on the mass difference according to 
and consequently M^l/N,.
The same result is found (as it should) if the axial magnification Max is derived from (48) :
and the relation Mlat=-Mang-Max (59) is used.
If the sector field is used for a mass spectrometer, the mass resolving power (the reciprocal of the relative mass difference dm/m0 which will just be resolved) is given by
where s' and s" are the object and image slit widths respectively, and 2 A{ stands for the total image broadening due to all aberrations. If there is no energy spread in the ion beam, if the image slit is placed at the correct image distance Zm", and if third and higher order aberrations may be neglected, the mass resolving power in the median plane is given by
Transmission of ions outside the median plane
The trajectory of ions emerging from the centre of the object slit (y1 = z1 = 0; x± = lm') with a velocity component normal to the median plane equal to -dzjdxt = ym , may be found in first order approximation by substituting
into (15). With (32), and using a procedure analogous to that for derivation of (37) but retaining only first order terms, we find for the trajectory within the sector field (with w* = n 112 w)
In the image space the trajectory is given by (with
The maximum value of j which can pass through the image slit is limited either by the width of the analyser tube within the sector field (extending from v = -D/2 to v= +D/2), or by the height of the image slit (extending from z2=-h /2 to
z2= -\-h"j2).
From (63) we find by differentiation that
The maximum value of j ym | w T hich can pass through the analyser tube is given by: In the image space the ions seem to come, as regarding the z2 component of their position and velocity, from a usually virtual object, separated from the image slit by the distance l2, which is given by . TT7+ I "1/./7 '/_ \ TJ7+ (68)
7 _7 " "-1/2 sin Wt+n^ilm/rm) cos Wt
cos Wt-n 1 l*(lm'/rm) sin Wt whereas the angular magnification in the 2 direction ^ang equals
The maximum value of j ym j which is determined by the image slit height is given by
Qr by 2 (rm 2~n lm'lm") sin rt + n 1 /* rm(Zm'+V) cos r+ "
The actual value of ym jmax is set by either (66) and (67), or by (70), whichever is the smaller of the two.
In the homogeneous magnetic sector field there is no focusing action in the z direction (except through stray fields which are neglected in this paper), and thus the limit on j ym Jmax is determined by the image slit height: 
Shape of the pole faces
If the pole shoe material has a sufficiently high permeability at the field strength used, its surface is a surface of constant scalar magnetic potential cpm.
As the magnetic field strength equals:
the scalar magnetic potential corresponding to (21), (22), (23), (24), (26), (27), (30), and (31), may be written in the form (including terms up to the fifth order):
The so far undetermined coefficients C3 and C4 define the fourth and fifth order contributions to the field shape.
To calculate the shape of the pole faces required to produce a magnetic field with given values of n and X, the gap width at radius rm should be given.
Substitution of the corresponding value of v, and « = 0, into (74) gives the value of <pm/B, which should be a constant for the surface of the pole face.
There is an infinite number of profiles satisfying this condition, differing only in the contribution of fourth and higher order terms. If we put C3 = Ci = 0 and neglect terms of sixth and higher order, there is an unique solution which is best found by an iterative process. Starting from u = 0, an approximate value of v for some value of u^O is found using the slope dv/du along the profile, which equals
This value is substituted only in the v 3 -, u v s -, u 2 v 3 -, and lAterms in (74), and a better approximation is found, which may be substituted again in the t> 3 -term etc., to give a third approximation, and so on.
The process converges quickly in most practical cases, because v is usually much smaller than unity.
Symmetric arrangement
If in addition to the symmetry with respect to the median plane, the arrangement is also symmetric with respect to the plane w = W/2 , some expressions become particularly simple. This extra condition of symmetry is satisfied or nearly satisfied in most existing mass spectrometers.
Now lm" = Zm' = lm , and Mang = Mlat = Max = -1 .
From (56) we deduce
The mass dispersion of a monoenergetic ion beam per unit dm/m0 reduces from (53) to
The coefficient of the second order angular aberration reduces from (55) to 
An actual numerical example
To avoid unduly large object and image distances, the sector angle for an inhomogeneous field mass spectrometer should not be made too small. Therefore we choose W = 7i. Suppose n = 0.91, or W* = 0.3 n = 54°. If we restrict the discussion to the symmetric arrangement in the sense of sect. 9, (76) gives the object and image distance: /m = 6.542 rm. According to (79) second order angular aberration in the median plane vanishes for X= +0.22131. However, outside the median plane second order geometrical aberrations still exist (BOERBOOM 18 ). If we neglect these, and also third and higher order aberrations, and if we assume: rm = 200 mm, and 5' = s" = 0.1 mm, the mass resolving power in the absence of energy spread equals: R = 11 000. To obtain this resolving power, the relative velocity spread should be much smaller than l/ll 000. This condition can only be satisfied by sufficient accelerating voltage, and special ion source design (DUBROVIN et al. 17 ), and for ions not resulting from a dissociation of a two-atomic molecule (MORRISON and STANTON 18 ). Otherwise a double focusing arrangement will be required, the design of which will be the subject of a subsequent paper. From (54), the mass dependence of the image distance is represented by lm"/rm = 6.542 + 18.500 (dm/m0).
With (77), we can find the angle between the focusing plane of the mass spectrum and the central path X = 31° 0'. The present calculations do not allow a prediction of the shape of the focusing plane. To find the curvature near the central path, we should retain the terms proportional to am ß 2 in (42) ; the position of a more extended range of the mass spectrum is determined by terms containing higher powers of ß . The coefficients of these terms may be found by retaining terms of higher order in ß in the TAYLOR expansion (37).
The shape of the pole shoes required to create the field with /i = 0.91 and X = 0.22131, assuming infinite permeability of the pole shoe material, is given in the table below, where the effect of the finite extension in the radial direction is neglected. The z-coordinate (in mm) measured from the median plane is given for a number of values of the radius r (in mm) for three gap widths at radius rm = 200mm: a) gap width = 20.000 mm; b) gap width = 8.000 mm; c) gap width = 4.000 mm. 
